Continuity & Differentiability

Some Fundamental Definitions

A function f(x) is defined in the interval |, then it is said to be continuous at a point x = a

. I' '_ =
if 1mf)=5() FG+h)- f(a)

A function f(x) is said to be differentiable at x = @ if lim I =f(a) exists ael

-x -1<x<0
Ex : Consider a function 7(x) is defined in the interval [-1,1] by f(x)= |¥= { fi e

X D<x<l1

Itis continuous at x =0 g =
But not differentiable at x = 0

Note : If a function f(x) is differentiable then it is continuous, but converse need not be true.
Geometrically :

(1) If f(x)is Continuous at x =a means, f(x) has no breaks or jumps at the point x = a

£(x) =il -1<x<0 :
; x) =
Ex: X 0<x=<1 S -

b1

Is discontinuous at x=0

(2) If f(x)is differentiable at x = a means, the graph of f(x) has a unique tangent at the point or graph
is smooth at x=a

1. Give the definitions of Continuity & Differentiability:

Solution: A function f (x) is said to be continuous at x = a, if corresponding to an arbitrary positive
number ¢, however small, their exists another positive number & such that.

[f(x)-f(a)| <¢ where |x-a| <&
It is clear from the above definition that a function f (x) is continuous at a point ‘a’.
If (i) it exists at x = a

(i) Lt f(x="(a)

i., limiting value of the function at x = a is to the value of the function atx = a
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Differentiability: .

A function f (x) is said to be differentiable in the interval (a, b), if it is differentiable at
every point in the interval.
In Case [a,b] the function should posses derivatives at every point and at the end points a & b i.e., Rf!
(a) and Lf' (a) exists.

2. State Rolle's Theorem with Geometric Interpretation.
Statement: Let f (x) be a function is defined on [a,b] & it satisfies the following Conditions.

(i) f (x) is continuous in [a,b]
(i) f (x) is differentiable in (a,b)

(iiy  f(a)=f(b)
Then there exists at least a point Ce (a,b), Here a < b such that f' (¢ ) =0

Proof:
Geometrical Interpretation of Rolle’s Theorem:

Y x=f(x)

0
X=aC1CC3 Cs Xx=b

Let us consider the graph of the function y = f (x) in xy - plane. A (a,.f(a)) and
B (b, f{ b ) ) be the two points in the curve f (x) and a, b are the corresponding end points of A & B
respectively. Now, explained the conditions of Rolle’s theorem as follows.

(i) f (x) is continuous function in [ab], Because from figure without breaks or jumps in
between A&B on y = f(x).

(i) f (x) is a differentiable in (a,b), that means let us joining the points A & B, we
get aline AB.

. Slope of the line AB = 0 then 3 a point C at P and also the tangent at P (or Q or R or S) is
Parallel to x —axis.

.. Slope of the tangent at P (or Q or R or S) to be Zero even the curve y = f (x) decreases or
increases, i.e., f (x) is Constant.
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fl (x)=0

~fiic)=0
(iii) The Slope of the line AB is equal to Zero, i.e., the line AB is parallel to x — axis.

s f(@)=f(b)
3. Verify Rolle’s Theorem for the function f (x) = x2 - 4x + 8 in the internal [1,3]

Solution: We know that every Poly nominal is continuous and differentiable for all points and hence f
(x) is continuous and differentiable in the internal [1,3].

Alsof(1)=1-4+8=51f(3)=32-43+8=5
Hence f(1)=1(3)
Thus f (x) satisfies all the conditions of the Rolle’s Theorem. Now f' (x) =2x -4 and f! (x) = 0

= 2x-4=00r x=2. Clearly 1 <2 < 3. Hence there exists 2t (1,3) such that f' (2) = 0. This shows
that Rolle’s Theorem holds good for the given function f (x) in the given interval.

4. Verify Rolle’s Theorem for the function f (x) =x (x +3) ¢ 7> in the interval [-3, 0]

Solution: Differentiating the given function W.r.t ‘x’ we get

fl) ="+ 3-1')(- %},—% +@2x+3)
= - -;*(.t: —x— 6)9"%
. fi(x) exists (i.e finite) for all x and hence continuous for all x.

Also f(-3) =0, f(0) = 0 so that f(-3) = f (0) so that f (-3) = f (0). Thus f (x) satisfies all the conditions of
the Rolle’s Theorem.

Now, f' (x) =0

= - %(xz -x- 6)e-%= 0
Solving this equation we get x =3 orx = -2
Clearly -3 <-2 < 0. Hence there exists -2 (-3,0) such that f! (-2) =0

This proves that Rolle's Theorem is true for the given function.
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5. Verify the Rolle’s Theorem for the function Sin x in [, 7]
Solution: Let f (x) = Sin x
Clearly Sinx is continuous for all x.

Also f! (x) = Cos x exists for all x in (-, ) and f (-x) = Sin (-x) = 0; f (n) = Sin (n) = 0 so that f (-zt) = f
()

Thus f (x) satisfies all the conditions of the Rolle's Theorem .
Now f! (x) =0 = Cos x = 0 so that
X=+ £
2

Both these values lie in (-r, ). These exists C =+
Such thatf' (c)=0

(SRR

Hence Rolle’s theorem is vertified.

6. Discuss the applicability of Rolle’s Theorem for the function f (x) = Ixl in [-1,1].

Solution: Now f (x) = | x| = xfor0<x<1
xfor-1<x<0

f (x) being a linear function is continuous for all x in [-1, 1]. f(x) is differentiable for all x in (-

1,1) except at x = 0. Therefore Rolle's Theorem does not hold good for the function f (x) in [-1,1].

Graph of this function is shown in figure. From which we observe that we cannot draw a tangent to the
curve at any pointin (-1,1) parallel to the x — axis.

Y
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Exercise: '

7. Verify Rolle’s Theorem for the following functions in the given intervals.
a) x2-6x+8in[24]
b) (x-a)®(x-b)*in [ab]

x*+ab| .
c) log {(a+b}.r} in [a,b]

8. Find whether Rolle’s Theorem is applicable to the following functions. Justify your
answer.

a) f(x)=|x-1]in[0,2]
b) f(x)=tanxin [0, n] .
9. State & prove Lagrange’s (1*') Mean Value Theorem with Geometric meaning.
Statement: Let f (x) be a function of x such that
(i) If is continuous in [a,b]
(ii) Ifis differentiable in (a,b)
Then there exists atleast a point (or value) Ce (a,b) such that.
£ e)= fb)- fla)
b-a

ie,f(b)=f(a)+(b-a)f (c)
Proof:

y

> [b.f(b))

QO

(2 I

O
>
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Define a function g (x) so that g (x) = f (x) = Ax ~--——— (1)
Where A is a Constant to be determined.
Sothatg (a) =g (b)

Now, g (a) = f(a) - Aa

G (b) =f (b) - Ab

~.g(a) =g (b) = f(a)- Aa=f(b)- Ab.
f(b)- f(a)

— 2)

Now, g (x) is continuous in [a,b] as rhs of (1) is continuous in [a,b)
G(x) is differentiable in (a,b) as r.h.s of (1) is differentiable in (a,b).

ie, A=

Further g (a) = g (b), because of the choice oif A.
Thus g () satisfies the conditions of the Rolle's Theorem.
.. These exists a value x = c sothata<c<b atwhichg'(¢c)=0
.. Differentiate (1) W.r.t ‘x' we get
g'(x)=f1(x)-A
~.g'(c)=f(c)A( x=c)

=>f'(c)-A=0(-g'(c)=0)
~fi(c)=A

(3)

From (2) and (3) we get

F@ (on)f(b)=1(a)+(b-a)f (c) Fora<c<b

D —a

Fio=18=1E
;
Corollary: Putb-a=h
ie,b=a+handc=a+0h
Where0<0<1
Substituting in f(b) =f(a) +(b-a)f' (¢)

~.f@a+h)=f(a)+hf(a+0h), where0 <O <1.
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Geometrical Interpretation:- I
Since y = f (x) is continuous in [a,b], it has a graph as shown in the figure below,

Atx=a y=f(a)

Atx=b,y=f(b)

| |
# 1 v
> X :
0 a c b 0 FigUre (")
Figure (i)

Slope of the line joining the points A (a,f(a)) and B ( (b,f (b))

Is f(b)- f(b)
b-a

(.. Slope =m =tan 0)
=fana

Where « is the angle mode by the line AB with x — axis
= Slope of the tangent atx = ¢

=fl(c),wherea<c<b

Geometrically, it means that there exists at least are value of x = ¢, where a < ¢ < b at which the
tangent will be parallel to the line joining the end points atx =a & x = b.

Note: These can be more than are value at which the tangents are parallel to the line joining points A &
B (from Fig (ii)).
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10. Verify Lagrange’s Mean value theorem for f(x) = (x - 1) (x - 2) (x = 3) in [0,4].

Solution: Clearly given function is continuous in [0,4] and differentiable in (0,4), because f (x) is in
polynomial.

flx)=(x-1)(x-2) (x-3)
f(x)=x3-6x2+11x-6
and f(0)=0°-6(0)2+11(0)-6=-6

f4)=4°-6 (4)2+11(4)-6=6
Differentiate f (x) W.r.t x, we get

F1 (x) = 3x2— 6x + 11
Letx=c, f!(c) =3¢z 6c + 11

By Lagrange's Mean value theorem, we have

fl(e)= f(b)— f(a) - fd)— f(0)
b—a (4-0)
_ 6—(-6) _3
4

~3c2-6c+11=3
= 3c2-6c+8=0

Solving this equation, we get

2
C=2+ —e(04
N €(04)
Hence the function is verified.
11. Verify the Lagrange’s Mean value theorem for f (x) = logx in [1,e].

Solution: Now Logx is continuous for all x > 0 and hence [1,¢].
Also f'(x)= Ll which exists for all x in (1,e)
X

Hence f (x) is differentiable in (1,e)

by Lagrange's Mean Value theorem, we get
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Loge — Logl =1:> 1 =l
e—1 ¢ e-]l ¢
=C=e-1

—1<e-<2<e

Since e (2,3)
.. Sothatc=e—-1liesbetween 1 & e

Hence the Theorem.
12. Find O for f (x) = LxZ + mx + n by Lagrange’s Mean Value theorem.

Solution: f (x) = Lx2 + mx +n

~f(x)=2Lx+m

We have f (a +h) = f (a) +hf! (a+0 h)

Orf(a+h)-f(a)=hf (a+0h)

ie,{f{(a+h)?+m(a+h) +n}-{fa2+ma+n}=h {2/ (a+0 h) +m)
Comparing the Co-efficient of (h2, we get

1=20 0= 2e(01)

Exercise:
13.  Verify the Lagrange’s Mean Value theorem for f (x) = Sin?x in [0, %}

-a b—a

14. Prove that, s — <tan'b-tanta< — if 0 <a<band reduce that
l+b° l+a°
x 3 44 r 1
—+—<tan —<—+—
4 25 3 4 6
2 Sinx ‘ T
15. Showthat —<—— <1 in [0,.=
b4 iy 2
16. Prove that b_“, < Sin'b-Sin"'a < - Where a < b. Hence reduce
1-a’ V1-b2
6 2.3 4 6 5
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17. State & prove Cauchy’s Mean Value Theorem with Geometric meaning.

Proof: The ratio of the increments of two functions called Cauchy's Theorem.
Statement: Let g (x) and f (x) be two functions of x such that,

(i) Both f (x) and g (x) are continuous in [a,b]
(ii) Both f (x) and g (x) are differentiable in (a,b)
(i) g (x) = O for any x € (a,b)

These three exists at least are value x = ¢ £ (a,b) at which

fi(e) _ fb)-f(a)
g'c)  gb)-gla)

Proof: Define a function,
¢ (x)=f(x)-A.g(x) (1)
So that ¢ (a) = ¢ (b) and A is a Constant to be determined.
Now, ¢ (a) =f(a)-Ag (a)
¢ (b)=f(b)-A.g(b)
- f(a)-Ag(a)=f(b)-A g (b)

A f®) =)
g(b)—g(a)

()

Now, ¢ is continuous in [a,b] as r.h.s of (1) is continuous in [a,b] and ¢ (x) is differentiable in
(a,b) as r.h.s of (1) is differentiable in [a,b].

Also ¢ (a) = ¢ (b)

Hence all the conditions of Rolle’s Theorem are satisfied then there exists a value x = ¢ < (a,b)
such that¢1(c)=0.

Now, Differentiating (1) W.r.t x, we get
o' (x) = (x) - Ag" (x)

atx=c < (ab)
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~¢'(c)=F(c)-Ag'(c)

0=f(c)-Ag'(c)
Yo
=S A= fl(t)
g (c)

Substituting (3) in (2), we get
fle) _ f)-fla)
g'c) gb)-gla)
Hence the proof.

(- g'(x)=0)

,wherea<c<b

18. Verify Cauchy’s Mean Value Theorem for the function f (x) =x2+ 3, g (x) =x3+1in [1,3]

Solution: Here f (x) =x2+3, g (x) =x* + 1

Both f (x) and g (x) are Polynomial in x. Hence they are continuous and differentiable for all x

and in particular in [1,3]
Now, f! (x) = 2x, g' (x) = 3x2

Also g ' (x) = 0 for all x € (1,3)

Hence f (x) and g (x) satisfy all the conditions of the cauchy’s mean value theorem.

Therefore

fO-fM) _f'©
g —-g) g'(o)

12—-4 26
28-2 3¢’

Clearly C = 2% lies between 1 and 3.

Hence Cauchy'’s theorem holds good for the given function.

,forsomec:1<c<3
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19. Verify Cauchy’s Mean Value Theorem for the functions f (x) Sin x, g (x) = Cos x in [0. %]

Solution: Here f (x) = Sin x, g (x) = Cos x so that

ft (x) = Cos x ,g" (x) = - Sinx

Clearly both f (x) and g (x) are continuous in [ , and differentiable in (0 ’V )

MI-‘~1

Alsog' (x) =-Sinx =0 forall x (0,%)

.. From cauchy's mean value theorem we obtain

f[@—f( )
3 f:;forsomec 0<C<5
| _ = 8 \C
8(5} 8(0)

ie., . i.e.,-1=-Cotc (or) Cotc=1
0-1 -Sinc
5 e 2 , Clearly C = 7 lies between 0 and -
4’ 4 2

Thus Cauchy's Theorem is verified.

Exercises:

20. Find C by Cauchy’s Mean Value Theorem for
a) f(x)=exg(x)=exin[0,1]
b) f(x)=x2 g (x)=xin[23]

21. Verify Cauchy’s Mean Value theorem for

= . =x1i L
a) f(x)=tan'x,g(x)=xin [ﬁ]}

b) f(x)=logx,g(x)= 1 in [1,e]
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22. State Taylor's Theorem and hence obtain Maclaurin's expansion (series)

Generalized Mean Value Theorem:

Statement: If f (x) and its first (n — 1) derivatives are continuous in [a,b] and its nt derivative exists in
(a,b) then

10)= 1)+ (o-a) (0 + P 1 g+ s ED ) = o
Wherea<c<b
Remainder in Taylor’s Theorem:
We have
()= (a) + -2 (@) + S0 a) 4o B g

(n-1)!
(x—a

)" fn "
o frla+(x-a)6}

f(x)=Sn () +Ra (X

(x—a)

Where R, (x) = '
ni

fr[a+(x—a)0]is called the Largrange's form of the Remainder.

Where a=0,Rn (x)= = f7(0x),0< 0 <1
n

Taylor's and Maclaurin’s Series:
We have f (x) = S (x) +Rn (x)

o Lim[ f(x)=S§,(x)]=LimR, (x)

n—sx

If Lim R, (x)= Othenf (x)Lim S, (x)

Thus Lim S, (x) converges and its sum is f (x).

N

This implies that f (x) can be expressed as an infinite series.

e, f(x)=f(a)+(x-a)f' (a) + ('L_Z:’_):f"(a)q.__,,__.mm

This is called Taylor's Series.
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Putting a =0, in the above series, we get '

F(x)=f(0)+xf1(0)+({‘)_)l”f11(0)+ to o

This is called Maclaurin'q Series. This can also denoted as
t n

Y- yw1+xy1m)+———y O+ =+ y,0

Where y = f(x), y1 = f 1 (x)

tow

a— f (x)
23. By using Taylor's Theorem expand the function e * in ascending powers of (x - 1)

Solution: The Taylor's Theorem for the function f (x) is ascending powers of (x — a) is

F(x)=f (@) + (x—a) {1 (a) + &~ ”“ﬂwm (1)

Heref(x)=exanda=1
fi(x)=ex =>fl(a)=e
flx)=ex=>f'(a)=e

. (1) becomes
ex=e+(x-1)e+ (";l)- e+

~

(x-1)~ .

=g {1+(x-1)+

24. By using Taylor's Theorem expand log sinx in ascending powers of (x - 3)
Solution: f(x) = Log Sin x, a= 3 and f (3) = log sin3

Cosx

Now f1(x) = = Cotx, f1(3) = Cot3
inx

f11(x) = - Cosec %, f 11 (3) = - Cosec 23
f 111 (x) = - 2Cosecx (-Cosecx Cotx) = 2Cosec 3 Cotx

- 111 (3) = 2Cosec 33 Cotd
) =f(a)+(x-a)f! (a) + 2= "’”fn() “J (X=a) f11(g)4

~.Log Sinx =f(3) + (x - 3) f

(3)+

(x-3)°
fi1 —
- 111+

=logsin3 + (x — 3) Cot3 +

( Cosec?) + 33) 2 Cosec ¥3Cot3 +—
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Exercise:

25. Expand Sinx is ascending powers of (.r - %]

-

26. Express tan - x in powers of (x - 1) up to the term containing (x - 1) ?

27.  Apply Taylor's Theorem to prove

}3 3
e“"=e’|:1+h+'—+h—+ ————————— }
20 3

Problems on Maclaurin’s Expansion:

28.  Expand the log (1 + x) as a power series by using Maclaurin’s theorem.

Solution: Here f (x) = log (1 +x), Hence f (0) =log 1=0

We know that
dn ¢ . dﬂ‘l .I.
()= dog(l+x)j=—¢——
7@ dx" VOB N} dx"" {l+.r}
—N" Y e =10
= M , n= 1]2’___.--_.
(1+n)"

Hence f7 (0) = (-1) ™ (n - 1)!
£1(0)=1,£11(0)=-1,f111(0) =3I, f v (0) = - 3!

Substituting these values in

f(x]=f(0]+xf‘(0)+§ f11(0) +

+£ fn(0) +
n!

2 3 .4
|og(1+x)=o+x.1+';—!(-1)+';—! 2!+%ﬁ-3!+

2 3 4
X > X

B s B

2 3 4
This series is called Logarithmic Series.

==
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29.  Expand tan -' x by using Macluarin’s Theorem up to the term containing x
Solution: lety = tan -' x, Hence y (0) = 0

Wefind thaty = - :

+x°
Furthery 1 (1 +x 2) = 1, Differentiating we get

which gives y 1 (0) =1

Yi.2+(1+x2)y2=0(or) (1 +x)y2+2xy1=0
Hencey:(0)=0
Taking n ™" derivative an both sides by using Leibniz's Theorem, we get
nin-1)
1.2
e, (1+x2)yne2+2(n+)Xyns1+n(n+1)yn=0

(1+X2)yne2+n.2Xy 0ot + 2. Yn+2Xyn-1+n2Yy,=0

Substituting x =0, we get, yn+2(0)=-n (n +1) y » (0)
Forn=1,wegetys:(0)=-2y+(0)=-2
Forn=2 wegetys+(0)=-2.3y2(0)=0

Forn=3,wegetys(0)=-34y3(0)=24
Using the formula

Y=y(0) +xy1(0)+

2 3
X

5 Y20+ S y3(0)+-

. 5
We gettan-"x=x - £2ada
3 5

Exercise:

30.  Using Maclaurin’s Theorem prove the following:
2 5x*

a)Secx=1+ &y T S—
0 4
3 s
b)Sin-tx=x+ > +% 4.....
6 40

3

c)exCosx=1+x- l;_ P

d) Expand e = Cos bx by Maclaurin’s Theorem as far as the term containing x 3
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Exercise : Verify Rolle’s Theorem for

()  f(x)=e(sinx—cosx) in HSﬂ
(ii) f(x)=x(x=2)e" 2 in [0,2]

L_sin2x . |1 57w
(iii) Fx)= 2 in [?T]

Exercise : Verify the Lagrange's Mean Value Theorem for

() f)=x(x=1)(x-2)in [oﬂ

(i) f)=Tan"x in [0,1]

Exercise : Verify the Cauchy's Mean Value Theorem for

(i) f(x)=+/x and g(.r):—\/l? in [ﬁ.l}

- 1 1.
i  fo= = and g(x)=—in [a.5]

(iif) f(x)=Sinx and g(x)=Cos x in [a,b]
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DIFFERENTIAL CALCULUS-II

Give different types of Indeterminate Forms.

If f (x) and g (x) be two functions such that Lim f(x) and Lim g(x) both exists, then

x—»a r—a

y  Lim f(x)
LimT®) _ =

o g(x) Limg(x)

I—»a

If Lim f(x) =0and Lim g(x) =0 then

X =¥

AL Which do not have any definite value, such an expression is called

Lim
I—a S(-'l‘)

indeterminate form. The other indeterminate forms are f,o xa,0—w,00 0and1™

a0

1. State & prove L' Hospital's Theorem (rule) for Indeterminate Forms.

L'Hospital rule is applicable when the given expression is of the form g or 2
o0

Statement: Let f (x) and g (x) be two functions such that

(1) Lim f(x) =0and Limg(x) =0

X—»a I—sa

(2) f' (a) and g (a) existand g' (a) = 0

fx) Limf'()

— X—»a

Then Lim——~= :
= g(.r) Limg (x]

1 X
Proof: Now Lim f:") = Lim l/i
g(x) - A(-U

L' Hospitals theorem, we get

, which takes the indeterminate form g. Hence applying the

Scanned by CamScanner



spa T () | —

Lim N Lim8 D [ﬁﬂ}
T—+a g(_‘) x—a _fl (‘y ) x—a fl(.t) g(.t)
fI

—|:Lm (r)}{ﬁmﬁ——-f('ﬂ]‘
=i f (r) 134 g(x)

If LimM

1—+a g(l)
i
1 |:L im% £ ):||:Lr'm f(.r)]
—a f (r) x—a g(x)

lelef() Lim f@
x—»a g(_x] "“‘g{.‘l)

# Oand # « then

If Lim !E—I)) =0 or = the above theorem still holds good.
—>a g x
2. Evaluate Zim > - form
xsa X 0
Solution: Apply L'Hospital rule, we get
Lim Cosx Cos@ l -
x—a 1 | 1
o Lim 2
x—»a _l‘
log Sinx

3. Evaluate Lim

~—=a  Cotx

Solution: Lim log Sinx _ log Sin0 _ log0 I
= Cotx Cor0 Ll w0

Apply L' Hospital rule

. — Cosce’x
= Lim
w—=a — 2 nsec xCosec xCotx
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i |
= Lim
x»a 2Cotx

=0

s Lim log St =
1—*a CUL"

0

Exercise: 1
Evaluate

. lanx
a) Lim
x=»l) X

b) Lim(l+ x)’*

x—0

¢) Lim< —

A—px X

d) Lim>=—¢

x—l X—a

4. Explain oo and 0 x « Forms:

Solution: Suppose Lim f(x) =0and Lim g(x)= = in this case

I—#a I—ril

Lim f(x) -g(x) =0 x o, reduce this to % or = form
r1—a oo

f(x)

%g(x)

Or Lim(f (x).g(x)]= Lim lg(x) -2 form
] X—ra oD
Vi

L' Hospitals rule can be applied in either case to get the limit.

Let Lim[f(x).g(x)]= Lim =% form

Suppose Lf'm f(x) ==and Lim g(x) = in this case Lim[f(x).g(x)]: w—oo form, reduce

this g or — form and then apply L'Hospitals rule to get the limit
oC
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5.  Evaluate Lim{l - !M}

—0 | x x°

Solution: Given Lfm{ l - log(l_-n)

a0 | x X

} = w - o form

. Required limit = L,-m{«\‘_-'_ﬂgjlj} =% o

x—=0 X

Apply L'Hospital rule.

f——
= Li,"ﬁ,
sl 2_[

X

T > TR S |
=0 2x 0 2(0+x) 2

6. Evaluate U::]r{l - r;rx}
X—» 't

Solution: Given limit is « - o form at x = 0. Hence we have

=0 | x  Sinx

Required limit = L;m{l_ C"“}
=0 xSinx 0
Apply L’ Hospital's rule

Cosx — Cosx + xSinx

= Lim
0 xCosx + Sinx

= Lim—20%___(O) g
0 xCosx + Sinx 0

Apply L' Hospitals rule
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P xCosx + Sinx
= Lim -
=0 Cosx — xSinx + Cosx

0 —
20

=0

O

7. Evaluate Lﬁ' tan x log x

Solution: Given limitis (0 x - «o) form at x = 0

. Required limit = Lim \°8% — [ﬁ} form

0 Cotx

Apply L' Hospitals rule

1
= Lim A

-
=0 —Cosec™ x

= Lim = S‘"-x[g] form

x—0 X 0

Apply L Hospitals rule

—28inx
= Lim—25inxCosx _

x—»ll I

8. Evaluate Lim Set{—ﬂz]. log x
1l 2

Solution: Given limit is (= x 0) form at x = 1

.. Required limit= Lim ogx O form

x—»]

Cos »
Apply L' Hospitals rule

|
= Lim ————A -3

x—»l . IXx T - T
- Sin—.—
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Exercise: 2

Evaluate
a) Lim[ o
=\ x—-1 logx

o sl o)

c) Lim(Secx~ ! 1
33E 1- Sinx)

d) Lim(a% - l]x

A

9. Explain Indeterminate Forms 0", 17, =", 0~
Solution: Atx =a, [f(x)]*"” takes the indeterminate form
() O° if Lim fx)=0and Lim g (x)=0
(i) 17 i Lim {(x)=1and Lim g (x)= o

(i) " if Lim f(x)=oc and Lim g(x)=0 and

X—rd

(iv) 07 if Lim f(x)=0and Lim f(x)=o

I=%i

In all these cases the following method is adopted to evaluate ~ Lim [f(x)]*"”

LetL= Lim [f(x)]*" sothat

LogL= Lim [g(x)log f(x)] =0 x =

Reducing this to %or % and applying L' Hospitals rule, we get Log L = a Or
ao
L=e?
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10. Evaluate Lim x Sinx

sl

Solution: letL= Lim x S™ = 00 formatx =0

x—»l)

Hence Log L = Lim Sinxlogx =0 x o form

x—=0

log 1

. LogL = Ll!(!li L = Lim Cog a (E) form
T—» x—l

/S‘m.r oseex

Apply L' Hospital rule,

1 . .
= Li’"—/t—— = L;}”M (%) fOrm
=0 — CoscexCotx 0 x

Apply L' Hospitals rule we get

. sinxSec’x — Cosxtan x
= Lim = —0

=0 |

S LogL=-w=>L=¢" =LL=—=O
e oo

~L=0

11. Evaluate Linl'l(.t)}'/‘-‘

Solution: letL = Lin:r(x} A= is 1” form

=l

s Lagl= L:m(I—l— log x} = [%] form
Apply L' Hospitals rule

1
= L:m/ = Lim—=-1

— =] =l — x
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- LogL=-1

=l=et= -
e
z )
12. Evaluate Lim[ lanx)
x—3ll X

7
Solution: let L = Lim( . "] =1” form
a— X

. LogL = Li;g{izlog[ tan ﬂ} I

X x J

x—l

soLogh= Lﬂn{M} . [%J form

Apply L' Hospitals rule
xSec’x —tan x
= Lim : x' )
0 | tan x 2x

LogL = lum[—__"s““‘ ... "} - [g} form

x—»0 X

Apply L' Hospital rule, we get

1 . Sec’x+2xSec’xtan x— Sec’x
2 =il 3x2

- 1Lim(Sec3x)[ tan ‘]
3 =0 x
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Exercise: 3
Evaluate the following limits.

a) L:‘:Er(Secx) Core

5.
c) Lim G40 "—s

a—+l x

—e " -2log(l+x)
xsinx

(i) limE
a=»l)

I+ sin x—cos x+log(l - x)

(iii) lim :
0 xtan~ x

cosh x+log(l1-x)—1+x

(v) lim -
x-30 X
i) tim LD

=0 xlog(l+ x)

Evaluate the following limits.

(i) 1im[2—5Jcon(x—a)

X—>a a

(iii) lim [.r tan x— -’25 sec x]

X=p—
pd

(v) liml:i.,— - :|
=0 ¥ xtanx

I
(i) lin(}(cos mc)’2

(ii) lim(
x=0

e
*]

b) Lim[Z -

d) L:_'m(Cosat)%:

3
limlog(.]t‘r )
sin” x

0

(if)

(v) lim log sin x

o T
t_.E (.t = _)1

. P

. .. Sinxsin” x

(vi) im—————
= x

(i) lim(cosecx-cot x)
x=»0

(iv)

lim (cot2 x— I, ]
a—l X

(vi)

lim[2x tan x— 7 sec x]
. 4

X=p—
2

1

1+ cos .r)l_’
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1
1

(iir) linll[l-f)'“su—:} (iv) Iing(sm.x}-r‘
I e -t

(v) lim(sinx)™"* (iv) Tim(1+sinx)™"
x—»l) i S
(vii) li_rul}(cos.t)“’"‘!‘ (viii) ]ilt;(la.r].::)""'lr
| !
1 X X x X
(ix) Hm(m"' e G) T a' +b" +c¢
o L a_t_l =30 _3

Evaluate the following limits.

. o
(i) lim(cosax)” (i) ﬁm(l+cost
=0 350 2
' -
(ifi) lm(1—x*)"e0= (iv) ﬁm[smej
w4l x—l X
(v) lim(sin x)™"* (iv) ljm(l_l_sinx)m;
x—0 0
(vii) lim(cos x)**"" (viii) lim tan x) """
.l—b:
i
. 1 (b et )
@) lmC-=y ) hm{mJ
e a1 x—l) 3
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